Simple proofs of identities of MacMahon and Jacobi
MacMahon, in his book "Combinatory Analysis", gives a very involved combinatorial proof of the identity (1) i r=1
(1 + ax 2r−1 )
We give a simple proof of (1) by induction. (1) implies Jacobi's famous result
We prove the following identity of MacMahon [2, Art. 323], namely
Theorem.
If we take |x| < 1, let i, j → ∞, and multiply by
Corollary.
a famous identity of Jacobi [1, Theorem 352].
Remark. Direct combinatorial proofs of Jacobi's identity have recently been given by Wright [3] , Sudler [4] and Zolnowsky [5] .
Proof of Theorem.
For i, j ≥ 0, let
Then if i > 0,
while if j > 0,
Since P 0,0 = 1, it follows by induction that for i, j ≥ 0,
(1 + ax 2r−1 ) j r=1
1 + x 2r−1 a , and the proof is complete.
